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a b s t r a c t
LetD be a hamiltonian digraph. A nonempty vertex setX ⊆ V (D) is called anH-force set ofD
if every X-cycle ofD (i.e. a cycle ofD containing all vertices of X) is hamiltonian. TheH-force
number h(D) of a digraph D is defined to be the smallest cardinality of an H-force set of D.
In this paper, the minimal H-force sets of locally semicomplete digraphs are characterized
and the H-force number is given.
© 2012 Elsevier B.V. All rights reserved.
1. Terminology and introduction
We begin with some terminology. The other untouched terminology can be found in [3]. All digraphs in this paper are
finite and have no parallel edges and loops. Let D be a digraph on n vertices. V (D) and E(D) denote its vertex- and arc-sets
respectively. If xy is an arc of D, then we say that x dominates y and sometimes use the notation x → y to denote this arc.
More generally, if A and B are two disjoint subdigraphs of D such that every vertex of A dominates every vertex of B, then we
say that A dominates B, denoted by A → B. In addition, if A → B, but there is no arc from B to A, then we say that A strictly
dominates B, denoted by A → B.
A subdigraph induced by a subset U ⊆ V (D) is denoted by D[U]. In addition, D− U = D[V (D)− U].
Let D be a digraph with vertex set {v1, v2, . . . , vr}, and let D1,D2, . . . ,Dr be digraphs which are pairwise vertex-disjoint.
The composition D[D1,D2, . . . ,Dr ] is the digraphwith vertex set V (D1)∪V (D2)∪· · ·∪V (Dr) and arc set (∪ri=1 E(Di))∪{xixj |
xi ∈ V (Di), xj ∈ V (Dj), vivj ∈ E(D)}.
A digraph D is strong if every vertex of D is reachable by a directed path from every other vertex of D. For a strong digraph
D, a set S ⊂ V is a separating set ifD−S is not strong. In particular, if S contains exactly one vertex, say s, we call s a separating
vertex. A digraph D is k-strong if |V (D)| ≥ k + 1 and D has no separating set with less than k vertices. The largest integer k
such that D is k-strong is the vertex-strong connectivity of D, denoted by κ(D).
Let G = (V , E) be a hamiltonian undirected graph. A nonempty vertex set X ⊆ V (G) is called a hamiltonian cycle enforcing
set (for short, an H-force set) of G if every X-cycle of G (i.e. a cycle of G containing all vertices of X) is hamiltonian. The
minimal H-force set is an H-force set X of G such that there is no H-force set Y with Y $ X in G. For the graph G we define
h(G) to be the smallest cardinality of an H-force set of G and call it the H-force number of G.
The definitions of theH-force set and theH-force numberwere given firstly by Fabrici et al. (see [4]) for undirected graphs
and the same authors studied the H-force number for several special families of graphs, such as planar graphs, bipartite
graphs, prims over graphs and so on. In this paper, we extend the definitions of the H-force set and the H-force number to
the digraphs by using directed cycles instead of cycles.
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Fig. 1. Locally semicomplete digraphs in the familyD .
A digraphD is semicomplete, if for any pair of vertices x, y ∈ V (D), either xy ∈ E(D), or yx ∈ E(D), or both. A tournament is
a semicomplete digraph without a cycle of length 2. A digraph D is locally semicomplete (or a locally semicomplete digraph, or
for short, an LSD), if D[N+(x)] and D[N−(x)] are both semicomplete for every vertex x of D. A locally semicomplete digraph
containing no cycle of length 2 is called a local tournament.
Locally semicomplete digraphs were introduced in 1990 by Bang-Jensen [1]. This class of digraphs has many nice
properties in common with its subclass, semicomplete digraphs. More details can be found in [2,5–10]. In this paper, we
will investigate the H-force set and the H-force number of LSD’s. Note that an LSD is hamiltonian if and only if it is strong
(see [1]). So the digraphs studied in this paper are strong LSD’s.
LetD be a family of LSD’s. The digraph D ∈ D if exactly one of the following possibilities holds. (a) D is a cycle of length
at least 3; (b) D = C[v1, v2, . . . , vr−1,Dr ], where C is a cycle of length r ≥ 3, v1, v2, . . . , vr−1 are vertices and Dr is a strong
semicomplete digraph with at least two vertices; (c) D is obtained from a digraph in (b) by adding an arc vr−1v1 (see Fig. 1).
Observe that κ(D) = 1. Let S be a set of all separating vertices and X be a minimal H-force set of D. Then it is easy to check
the following.
D S X h(D)
(a) V (D) any vertex of D 1 = n− |S| + 1
(b) {v1, v2, . . . , vr−1} V (Dr)∪{vi} = (V (D)\S)∪{vi} n− |S| + 1
(c) {v1, v2, . . . , vr−1} V (Dr)∪{vi} = (V (D)\S)∪{vi} n− |S| + 1
The result of this paper asserts:
Theorem 1.1. Let D be a strong LSD on n vertices. If S is a set of all separating vertices of D, then V (D) \ S is the unique minimal
H-force set and h(D) = n− |S| with the exception of the case that D is a member of the familyD .
In the Section 2, useful lemmas are provided in order tomake the proof of themain result easier. Sections 3 and 4 contain
the proof of Theorem 1.1 when an LSD is semicomplete and not semicomplete, respectively.
2. Preliminary results
The following results are presented to make the proof of Theorem 1.1 shorter.
Proposition 2.1. Let H be a family of digraphs, each element D of which satisfies that (i) if D is strong, then D is hamiltonian;
(ii) D−U ∈ H for any U ⊆ V (D). Then for D ∈ H on n vertices, if κ(D) ≥ 2, V (D) is a minimal H-force set of D and h(D) = n.
Proof. Obviously, V (D) is an H-force set of D. Suppose that Y $ V (D) is an H-force set of D. Since D − u is strong for any
u ∈ V (D) \ Y , there is a hamiltonian cycle in D− u. Then there is a non-hamiltonian cycle containing Y in D, a contradiction.
So V (D) is the minimal H-force set of D and h(D) = n. 
Recall that every strong LSD is hamiltonian. Then any LSD is a member ofH .
Corollary 2.2. Let D be a strong LSD on n vertices. If κ(D) ≥ 2, then X = V (D) is a minimal H-force set of D and h(D) = n.
Note that there exists no separating vertex if κ(D) ≥ 2. Corollary 2.2 implies that Theorem 1.1 holds for κ(D) ≥ 2.
Therefore, the task of the proof of the main result is to show the case when κ(D) = 1.
Lemma 2.3. Let D be an LSD with κ(D) = 1, S be a set consisting of all separating vertices of D and X = V (D) \ S. If Y is an
H-force set of D, then X ⊆ Y .
Proof. Suppose that Y is an H-force set of D but X ⊈ Y . There is a vertex x ∈ X but x ∉ Y in D. Since x is not a separating
vertex of D, there is a hamiltonian cycle on D− x, which is a non-hamiltonian cycle containing Y on D, a contradiction. 
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Corollary 2.4. Let D be an LSD with κ(D) = 1 and S be a set consisting of all separating vertices of D. If X = V (D) \ S is an
H-force set of D, then X is the unique minimal H-force set of D.
By Corollary 2.4, it is sufficient to prove that X = V (D) \ S is an H-force set of D except for D ∈ D .
Lemma 2.5. Let D be a strong LSD. X is an H-force set of D if and only if D[X ∪ Y ] is not strong for any Y $ V (D) \ X.
Proof. If D[X ∪ Y ] is strong for some Y $ V (D) \ X , then D[X ∪ Y ] is hamiltonian and hence there exists a non-hamiltonian
cycle containing X in D. So X is not an H-force set of D. If X is not an H-force set of D, then there is a non-hamiltonian cycle
containing X , say C . Furthermore, D[V (C)] = D[X ∪ Y ] is strong for some Y $ V (D) \ X . 
3. H-force sets for semicomplete digraphs
Theorem 3.1. Let D be a strong semicomplete digraph of order n and κ(D) = 1. S is a set consisting of all separating vertices of
D and let X = V (D) \ S. Then X is an H-force set of D with the exception of the case where D is a member of the familyD .
Proof. If X is an empty set, then D is a cycle of length 3 and hence D ∈ D . So assume that X is nonempty. Suppose that X
is not an H-force set of D. Let C be a longest non-hamiltonian cycle containing X in D. Then for any vertex uwith u ∉ V (C),
we have u ∈ S and hence D− u is not strong.
Let D1,D2, . . . ,Dt(t ≥ 2) be the strong components of D − u. Clearly, Di is a strong semicomplete subdigraph for each
i ∈ {1, 2, . . . , t}. Because a semicomplete digraph is an LSD and a strong LSD is hamiltonian,Di is a single vertex or contains a
Hamiltonian cycle. Assumewithout loss of generality that the strong components D1,D2, . . . ,Dt of D−u have been labeled
such that Di → Dj for 1 ≤ i < j ≤ t . Since D is strong, u dominates at least one vertex of D1 and is dominated by at least
one vertex of Dt .
Obviously, C is a subdigraph of a strong component Di for some 1 ≤ i ≤ t . By the choice of C , D[V (C)] = Di.
We claim that t = 2. If t > 3, then there is a strong component Dj such that j ≠ i and 2 ≤ j ≤ t − 1. Note that v ∈ S
for any v ∈ V (Dj). However, D − v is strong since it is hamiltonian, a contradiction. So t ≤ 3. We consider the case when
t = 3. If i = 1 or i = 3, thenw is a separating vertex for anyw ∈ V (D2). However, D−w is hamiltonian, a contradiction. So
i = 2. Suppose that there are at least two vertices in D1. Let v1 ∈ V (D1)with uv1 ∈ E(D). Since D1 is a strong semicomplete
digraph, there is a hamiltonian cycle C ′ in D1. Let v−1 be the predecessor of v1 in C ′. Note that v
−
1 ∈ S. However, there is a
hamiltonian cycle in D− v−1 , a contradiction. So D1 (similarly, D3) contains exactly one vertex. Let D1 = v1 and D3 = v2. If
there is a vertex v3 ∈ V (D2)with uv3 ∈ E(D), then there is a longer non-hamiltonian cycle consisting of {u, v2}∪V (C)which
contains X , a contradiction. So there must exist a vertex v4 ∈ V (D2)with v4u ∈ E(D). However, there is a non-hamiltonian
cycle consisting of {u, v1} ∪ V (C)which contains X but is longer than C , a contradiction. Thus t = 2.
Without loss of generality, assume that i = 2. Then D1 contains exactly one vertex, say v, otherwise there is a non-
hamiltonian cycle including V (C), u and a vertex of D1, a contradiction. Suppose that there is a vertex v1 ∈ V (D2) with
uv1 ∈ E(D). Since D is strong, there is v2 ∈ V (D2)with v2u ∈ E(D). Then D1 = v is not a separating vertex, a contradiction.
So D2 → u and hence D ∈ D . 
Corollary 3.2. Let D be a semicomplete digraph. If S is a set consisting of all separating vertices of D, then h(D) = n− |S| + ε,
where ε = 0 when D ∉ D and ε = 1 when D ∈ D .
4. H-force sets for non-semicomplete LSD’s
To show the H-force sets for locally semicomplete but non-semicomplete digraphs, we split these digraphs into two
subclasses according to Bang-Jensen et al. (see [2]), round-decomposable digraphs and non-round-decomposable digraphs.
A digraph on n vertices is called a round digraph if we can label its vertices v1, v2, . . . , vn such that for each i, N+(vi) =
{vi+1, . . . , vi+d+(vi)} and N−(vi) = {vi−d−(vi), . . . , vi−1}, where the subscripts are taken modulo n. An LSD D is round
decomposable if there exists a round local tournament R on α ≥ 2 vertices such that D = R[D1,D2, . . . ,Dα], where each Di is
a strong semicomplete subdigraph ofD for i = 1, 2, . . . , α.We callR[D1,D2, . . . ,Dα] a round decomposition ofD. In [2], Bang-
Jensen et al. proved that if an LSDD is rounddecomposable, then it has a unique rounddecompositionD = R[D1,D2, . . . ,Dα].
Let D be a strong LSD which is not semicomplete and κ(D) = 1. We consider the case when D is round decomposable.
Lemma 4.1. Let D be a round-decomposable LSD with a unique round decomposition given by D = R[D1,D2, . . . ,Dα]. If
κ(D) = 1 and u ∈ V (D) is a separating vertex of D, then the following holds.
(a) There is a semicomplete subdigraph, say Dk, such that Dk = u for some 1 ≤ k ≤ α.
(b) There is no arc from Di to Dj for k+ 1 ≤ j < i ≤ α + k− 1, where the subscripts are taken modulo α.
Proof. Since u ∈ V (D) is a separating vertex of D, it is clear that there exists a strong semicomplete subdigraph, say Dk, such
that Dk = u. Suppose that there exists an arc from Di to Dj for k + 1 ≤ j < i ≤ α + k − 1, where the subscripts are taken
modulo α. Recall that R is a round local tournament. Then Di → Dj and Di+1,Di+2, . . . ,Dj−1 also dominate Dj. In particular,
Dk−1 → Dj. Furthermore, Dk−1 dominates Dk, . . . ,Dj−1. In particular, Dk−1 → Dk+1, which contradicts the fact that Dk = u
is a separating vertex of D. The lemma follows. 
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Theorem 4.2. Let D be a non-semicomplete and round-decomposable LSD with a unique round decomposition given by D =
R[D1,D2, . . . ,Dα]. If κ(D) = 1 and S is a set consisting of all separating vertices of D, then X = V (D) \ S is an H-force set of D
except for D ∈ D .
Proof. If X is an empty set, then D is a cycle of length at least 3 and hence D ∈ D . So assume that X is nonempty. Suppose
that X = V (D) \ S is not an H-force set of D. Let C ′ be a longest non-hamiltonian cycle containing X and u1 ∈ V (D− C ′) be
arbitrary. Obviously, u1 ∈ S. Lemma 4.1 implies that there is a strong semicomplete subdigraph, say D1, such that D1 = u1
and there is no arc from Di to Dj, 2 ≤ j < i ≤ α. If D2 contains a vertex of C ′, then V (C ′) ⊆ V (D2). Otherwise there exists
Di for 4 ≤ i ≤ α such that Di → D2, a contradiction. By the choice of C ′, D[V (C ′)] = D2. Note that all vertices of V (D− D2)
are the separating vertices. Then for k = 1, 3, 4, . . . , α, Dk contains only one vertex and there is no arc from Di to Dj for
k + 1 ≤ j < i ≤ α + k − 1, where the subscripts are taken modulo α. So D ∈ D . Assume that all vertices of D2 belong to
S. Then D2 is a single vertex, say D2 = u2 and there is no arc from Di to Dj for 3 ≤ j < i ≤ α + 1, where the subscripts are
taken modulo α. Similarly, either D ∈ D or D3 is a single vertex. If the latter holds, say D3 = u3, then there is no arc from Di
to Dj for 4 ≤ j < i ≤ α + 2, where the subscripts are taken modulo α. Continuing this process, we see that either D ∈ D or
D = C[u1, u2, . . . , uα−1,Dα] possibly adding an arc uα−1u1, where C is a cycle of length α. Anyway D ∈ D and the theorem
follows. 
Corollary 4.3. Let D be a non-semicomplete and round-decomposable LSD. If S is a set consisting of all separating vertices of D,
then h(D) = n− |S| + ε, where ε = 0 when D ∉ D and ε = 1 when D ∈ D .
Finally, we discuss the H-force sets for non-semicomplete and non-round-decomposable LSD’s. To show it, we present
the following useful terminology and results.
Let D be a connected, but not strong LSD. D1,D2, . . . ,Dp is the unique sequence of the strong components of D. Then
N+(Dj) ∩ V (Di) = ∅ for j > i and Di → Di+1 for 1, 2, . . . , p− 1. Define D′1 = Dp, λ1 = p,
λi+1 = min{j | N+(Dj) ∩ V (D′i) ≠ ∅}, D′i+1 = D[V (Dλi+1) ∪ V (Dλi+1+1) ∪ · · · ∪ V (Dλi−1)].
So we have a new decomposition D′1,D
′
2, . . . ,D
′
r (2 ≤ r ≤ p). It was checked in [6] that (a) each D′i is semicomplete;
(b)D′i+1 dominates the initial component ofD
′
i and there exists no arc fromD
′
i toD
′
i+1 for i = 1, 2, . . . , r−1; (c) if r ≥ 3, then
there is no arc between D′i to D
′
j for i, j satisfying |j− i| ≥ 2. The unique sequence D′1,D′2, . . . ,D′r is called the semicomplete
decomposition of D.
Lemma 4.4 (Bang-Jensen et al. [2]). If a strong LSD D is not semicomplete, then there exists a minimal separating set S ⊂ V (D)
such that D − S is not semicomplete. Furthermore, if D1,D2, . . . ,Dp is the acyclic ordering of the strong components of D − S
and D′1,D
′
2, . . . ,D
′
r is the semicomplete decomposition of D− S, then r ≥ 3, D[S] is semicomplete and we have Dp → S → D1.
Lemma 4.5 (Bang-Jensen et al. [2]). Let D be a strong LSD which is not semicomplete. Then D is not round decomposable if and
only if the following conditions are satisfied:
(a) There is a minimal separating set S such that D− S is not semicomplete and for each such S, D[S] is semicomplete and the
semicomplete decomposition of D− S has exactly three components D′1,D′2,D′3;
(b) There are integers α, β, µ, ν with λ ≤ α ≤ β ≤ p− 1 and p+ 1 ≤ µ ≤ ν ≤ p+ q such that
N−(Dα) ∩ V (Dµ) ≠ ∅ and N+(Dα) ∩ V (Dν) ≠ ∅,
or N−(Dµ) ∩ V (Dα) ≠ ∅ and N+(Dµ) ∩ V (Dβ) ≠ ∅,
where D1,D2, . . . ,Dp and Dp+1, . . . ,Dp+q are the acyclic orderings of the strong components of D − S and D[S], respectively,
and Dλ is the initial component of D′2.
For a non-semicomplete and non-round-decomposable LSD D, we count the separating vertices of D if κ(D) = 1.
Lemma 4.6. Let D be a non-semicomplete and non-round-decomposable LSD. If κ(D) = 1 and S is a set consisting of all
separating vertices of D, then |S| ≤ 4.
Proof. Choose s ∈ S such that D − s is not semicomplete. Let D1,D2, . . . ,Dp be the strong components of D − s and
D′1 = Dp,D′2 = D[V (Dλ) ∪ V (Dλ+1) ∪ · · · ∪ V (Dp−1)],D′3 = D[V (D1) ∪ V (D2) ∪ · · · ∪ V (Dλ−1)] be the semicomplete
decomposition of D. Then Dp → s → D1. It is easy to see that S ∩V (D′2−Dλ) = ∅ and S ∩V (D′3−D1) = ∅. So all separating
vertices of D except s only possibly belong to V (Di) for i = 1, λ, p.
Assume that D1 contains a separating vertex of D, say s′ ∈ S ∩ V (D1). Since s → D1, if |V (D1)| > 1 then there is a
hamiltonian cycle in D− s′, a contradiction. So D1 = s′. Similarly, if S ∩ V (Dλ) ≠ ∅ then |V (Dλ)| = 1 and if S ∩ V (Dp) ≠ ∅
then |V (Dp)| = 1. So all the separating vertices of D except s only possibly belong to D1 or Dλ or Dp, and Di is a single vertex
if there is a separating vertex in Di for i = 1, λ, p. Thus |S| ≤ 4. 
Theorem 4.7. Let D be a non-semicomplete and non-round-decomposable LSD. If κ(D) = 1 and S is a set consisting of all
separating vertices of D, then X = V (D) \ S is an H-force set of D.
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Proof. Choose s1 ∈ S such that D − s1 is not semicomplete. Let D1,D2, . . . ,Dp be the strong components of D − s1 and
D′1 = Dp,D′2 = D[V (Dλ) ∪ V (Dλ+1) ∪ · · · ∪ V (Dp−1)],D′3 = D[V (D1) ∪ V (D2) ∪ · · · ∪ V (Dλ−1)] be the semicomplete
decomposition of D. Then Dp → s1 → D1. By Lemma 2.5, it is sufficient to show that D− Y is not strong for any ∅ ≠ Y ⊆ S.
According to Lemma 4.6, we consider the following four cases.
Case 1: |S| = 1.
Clearly, D− s1 is not strong and hence X is an H-force set of D.
Case 2: |S| = 2.
Let s2 ≠ s1 be a vertex of S. By the proof of Lemma 4.6, the vertex s2 only possibly belongs to D1 or Dλ or Dp, and Di = s2 if
s2 ∈ Di for i = 1, λ, p. Obviously, the subdigraphs D− s1 and D− s2 are not strong. D−{s1, s2} is not strong since it contains
at least two strong components of D− s1.
Case 3: |S| = 3.
Let S = {s1, s2, s3}. Then s2, s3 only possibly equal to D1 or Dλ or Dp. Obviously, D− s1,D− s2 and D− s3 are not strong.
D−{s1, s2} (similarly,D−{s1, s3}) is not strong since it contains at least two strong components ofD−s1. AndD−{s1, s2, s3}
is not strong unless D − {s1, s2, s3} = Di for some i = 1, λ, p. Suppose that the above-mentioned case holds. Then D − s1
contains exactly three strong componentsD1,Dλ,Dp and two of them contain only one vertex.Without loss of generality, let
D1 = s2. Note that there is a pair of two mutually opposite arcs between s1 and Dλ by Lemma 4.5. So there is a hamiltonian
cycle in D− s2, a contradiction. Thus D−{s1, s2, s3} is not strong. We will show that D−{s2, s3} is not strong by considering
the following two cases.
Subcase 3.1: D1 = s2 and Dλ = s3. Note that there is no arc from s1 to Di for 2 ≤ i ≤ λ − 1 if λ > 2 since D1 = s2 is a
separating vertex. We claim that there is no arc from s1 to Dj for λ + 1 ≤ j ≤ p − 1 if λ < p − 1. Otherwise both D1 and
Dj are in the set of N+(s1). Then D1 dominates Dj. Note that both D1 and Dλ+1 are in N−(Dj) if j ≠ λ + 1. Then D1 → Dλ+1
and hence Dλ−1 → Dλ+1, which contradicts the fact that Dλ = s3 is a separating vertex. So there is no arc from s1 to Dj
for λ + 1 ≤ j ≤ p − 1 if λ < p − 1. Thus there is no path from s1 to Dp in D − {s2, s3} and hence D − {s2, s3} is not
strong.
Subcase 3.2: Dp is a separating vertex, say Dp = s2. If λ = p− 1, then there is a pair of two mutually opposite arcs between
s1 and Dλ by Lemma 4.5. So there is a hamiltonian cycle in D − s2, a contradiction. So λ < p − 1. Since Dp = s2 is a
separating vertex, there is no path from Dp−1 to s1 in D− s2 and hence in D− {s2, s3}. Thus the subgraph D− {s2, s3} is not
strong.
Case 4: |S| = 4.
Let S = {s1, s2, s3, s4} andwithout loss of generality, letD1 = s2,Dλ = s3,Dp = s4. It is easy to see thatN+(s1)∩V (D2) =
∅ if λ > 2, N+(Dλ−1) ∩ V (Dλ+1) = ∅ if λ < p − 1 and N+(Dp−1) ∩ {s1} = ∅. Clearly, D − si (i = 1, 2, 3, 4) and
D − {s1, si} (i = 2, 3, 4) are not strong. And D − {s1, si, sj}(i, j = 2, 3, 4, i ≠ j) is not strong unless D contains only four
vertices. If the latter holds then there is a pair of two mutually opposite arcs between s1 and s3 according to Lemma 4.5
which contradicts the fact that s2 is a separating vertex. Thus D − {s1, si, sj}(i, j = 2, 3, 4, i ≠ j) is not strong. Analogously
to the proof of Case 3, we can show that D− {si, sj}(i, j = 2, 3, 4, i ≠ j) is not strong.
D− {s1, s2, s3, s4} is not strong unless either D′2 or D′3 contains exactly two strong components. Assume that D′2 contains
exactly two strong components and D′1 = D1 = s2. If there is a vertex w ∈ V (Dp−1) with s1 → w, then s2 → w since
s1 → s2, which contradicts s3 ∈ S. So Dp−1 contains no vertex which is dominated by s1. By Lemma 4.5, there is a pair of
two mutually opposite arcs between s1 and s3, which contradicts s2 ∈ S. So D′3 contains exactly two strong components and
D′2 = Dλ = s3. However, a pair of two mutually opposite arcs between s1 and s3 can be used to form a hamiltonian cycle in
D− s4, a contradiction. Thus D− {s1, s2, s3, s4} is not strong.
Finally, we prove that D − {s2, s3, s4} is not strong. If D′3 contains at least two strong components then there is no arc
from s1 to D2 in D− {s2, s3, s4}, and hence D− {s2, s3, s4} is not strong. So λ = 2. If λ < p− 1, then D′2 contains at least two
strong components. Suppose that there is a vertexw ∈ V (Di) for some λ+ 1 ≤ i ≤ p− 1 such that s1 → w. Then s2 → w
and hence s2 → Dλ+1. There is a hamiltonian cycle in D − s3, a contradiction. So there is a pair of two mutually opposite
arcs between s1 and s3 according to Lemma 4.5, which contradicts s2 ∈ S. So λ = p− 1. Thus D is a cycle of length four and
then a round digraph, a contradiction. Therefore, D− {s2, s3, s4} is not strong.
Thus, X is an H-force set of D. This completes the proof of this theorem. 
Corollary 4.8. Let D be a non-semicomplete and non-round-decomposable LSD. If S is a set consisting of all separating vertices
of D, then h(D) = n− |S|.
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